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Signal transport in and conductance of correlated nanostructures
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Here we report on our project concerning the application of time dependent DMRG to strongly
correlated systems. We show that a previously reported simulation of the spin charge separation
in a one-dimensional Hubbard system exceeds a relative error of 100% in the spin sector. In the
second part we discuss the application of the Kubo formula to obtain linear conductance for the
interacting resonant level model.
Transport properties of strongly interacting quantum
systems are a major challenge in todays condensed mat-
ter theory. While much is known for transport proper-
ties of non-interacting electrons, based on the Landauer
Bu¨ttiker formalism, the non equilibrium properties of in-
teracting fermions are an open problem. Due to the vast
improvements in experimental techniques there is an in-
creasing theoretical interest in one-dimensional quantum
systems. Since in low dimension the screening of elec-
trons is reduced the effective interaction gets increased
and can drive the electron systems into new phases be-
yond the standard description of a Fermi liquid, e.g. into
a Luttinger liquid.
Formally the conductance of a quantum device at-
tached to leads is given by the Meir Wingreen formula.
Besides the special case of proportional coupling, the
Meir Wingreen can only be treated within perturbative
approaches.
The density matrix renormalization group method2–4
is a well established method to treat onedimensional in-
teracting quantum systems. In this project we apply the
real time evolution within the density matrix renormal-
ization group method (RT-DMRG) to simulate the signal
transport in onedimensional, interacting quantum sys-
tems, and the conductance of interacting nanostructures
attached to onedimensional, non-interacting leads. In
addition we calculate the conductance from the current-
current and current-density correlations functions as a
comparison to the real time evolution scheme and as a
tool as itself, as it allows for a higher energy resolution
as compared to the real time approach.
In this project we developed a DMRG code applying
Posix threads to parallelize the code which is described in
detail in8. While the DMRG is an approximative scheme,
it has a systematic parameter, namely the number of
states kept per block, to increase the accuracy of the cal-
culation. In section I we show that this code allows us
to perform systematic studies of the accuracy of trans-
port problems. The major problem that arouse during
our previous work5–8 lies in the large ressources needed
to perform the actual simulation. In section II we show
that we have now reformulated the Kubo approach which
allows us to obtain a much higher energy resolution and
that we could get rid of numerical instabilities.
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FIG. 1: Comparison of the electron density n(x) of KSZ and
our calculations keeping 300, 500, and 750 states per block,
M = 72 sites, N↑ = N↓ = 28 with a reference calculation
keeping 5000 states per block at time step t=0.1.
I. SPIN CHARGE SEPARATION
The spin charge separation of a single electron exci-
tation is a prominent example of interaction effects in
onedimensional electron systems. The first numerical ob-
servation was performed with an exact diagonalization
approach by Karen Hallberg et al.9 for a 16 site sys-
tem. Kollath et al.10 reported a simulation on a 72 site
system with hard wall boundary conditions and 56 elec-
trons. In8 we showed that with our code it is possible
to study spin charge separation within the frame work of
RT-DMRG for a 2/3 filled 33 site Hubbard chain with
periodic boundary conditions (PBC). The advantage of
PBC lies is the absence of Friedel oscillations from the
boundary. It turned out that for accurate results we
should at least use of the order of 2000 states per block,
which is considerably more than applied in10.
Here we compare the results of Kollath et al.10 (KSZ)
who employed an adaptive RT-DMRG scheme combined
with a Trotter decomposition11,12 with results obtained
from our code8 where we combine the adaptive scheme
with a Krylov based matrix exponential7. The system
is a 72 site Hubbard model with an on site interaction
of U = 4.0. The perturbation was created by apply-
ing a Gaussian perturbation to the potential of the up-
electrons in the same way as described in7.
In Fig. 1 (2) we plot the relative accuracy of the
electron density n(x) (and its spin component Sz(x) =
(n↑(x) − n↓(x))/2) at time step t = 0.1. It shows that
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FIG. 2: Comparison of Sz(x) of KSZ and our calculations
keeping 300, 500, and 750 states per block with a reference
calculation keeping 5000 states per block at time step t=0.1.
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FIG. 3: Comparison of the density n(x) and Sz(x) of KSZ and
our calculations keeping 750 states per block with a reference
calculation keeping 3000 states per block at time step t=1.6
after an initial run keeping 5000 states up to t = 0.1.
KSZ and a 300 state calculation already have a relative
accuracy which exceeds 10−3 for the electron density,
while for the spin component one has to go up to 750
to achieve an accuracy of the order of 10−3. The relative
accuracy for the spin component is much harder as it can
get close to zero.
After performing an initial calculation keeping 5000
states per block up to time t = 0.1, we continued the
time evolution with 3000 states per block up to t = 12. In
Fig. 3 we compare our results with KSZ and a calculation
keeping 750 states per block. It shows that keeping 750
states per block we can still obtain an accuracy below
1% for the density and the spin component, while KSZ
achieve and accuracy of 1% only for the density, while
the spin component goes above an error of 10%.
Finally we compare the results of KSZ with our ref-
erence calculation keeping 3000 states per block at time
time step t = 11.6. While KSZ are able to achieve an
accuracy of 1% for the absolute numbers, the spin com-
ponent shows a relative deviation larger than a few hun-
dred percent. While we have to be careful whether our
results can be trusted at t = 11.6 to serve as an accu-
racy benchmark, the calculation should be much more
accurate than the one performed by KSZ. In summary
we have shown that one has to be very careful when em-
ploying the real time extensions to the DMRG. However,
DMRG allows for a systematic check of the results which
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FIG. 4: Comparison of the density n(x) and Sz(x) of KSZ
with a reference calculation keeping 3000 states per block at
time step t=11.6 after an initial run keeping 5000 states up
to t = 0.1. For the Sz(x) component we plot the relative and
the absolute difference.
is a very important property in a field where no other
benchmarks are available.
II. LINEAR RESPONSE WITH MOMENTUM
LEADS
Linear response calculations within DMRG6 provide a
method to calculate the conductance of a nanostructure
attached to leads. As it is based on the the exact Kubo
formula for the linear conductance g ≡ e
2
h
〈
J˜
〉
/VSD it
is valid for arbitrary interaction. In the DC limit the
conductance can be expressed in terms of two different
correlators,
gJjN = −
e2
h
〈
ψ0
∣∣Jˆnj
4πiη
(Hˆ0 − E0)2 + η2
Nˆ
∣∣ψ0
〉
, (1)
gJJ =
e2
h
〈
ψ0
∣∣Jˆn1
8πη(Hˆ0 − E0)[
(Hˆ0 − E0)2 + η2
]2 Jˆn2
∣∣ψ0
〉
, (2)
where the positions nj are in principle arbitrary. How-
ever, the positions n1 and n2 should be placed close to
the nanostructure to minimize finite size effects. Bohr,
Wo¨lfle and Schmitteckert6 had to introduce exponen-
tially reduced hopping terms close to the boundary of the
leads which had been described in real space to minimize
finite size effects, which in return leads to ill-conditioned
linear systems. In order to solve these equations, they
had to employ scaling sweeps to switch on the damping
in the leads gradually. While the method proofed to be a
valuable tool it turned out that it is getting too expensive
to study more interesting systems.
Recently we have developed a new scheme13 based on
leads described in momentum space to overcome the dif-
ficulties we encountered in6, for details see also8. While
it is generally accepted that DMRG does not work well in
a momentum space description due to the large amount
of couplings intersecting the artificial cut of the system
into two parts within DMRG, our transport calculation
are performed with non interacting leads. Therefore the
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FIG. 5: Schematics of the leads coupled to the nanostructure.
number of links intersecting the DMRG splitting of the
system is vastly reduced.
In order to be able to describe processes on different en-
ergy scales we first couple our nanostructure to a few sites
in real space to capture local, i.e. high energy, physics.
Then we employ a logarithmic discretization of the mo-
mentum leads to cover a large energy range and finally we
use a linear discretization of the low energy scale in order
to describe low energy transport properties accurately.
We would like to note that these additional sites on a
linear discretization close to the Fermi edge are beyond
a NRG like description. While they are not needed for a
qualitative description, they enable us to get very accu-
rate results even close to the resonant tunneling regime.
The reason for that lies in the nature of transport prop-
erties, where the η in the correlation function plays a
much more important role than for equilibrium proper-
ties. It does not only provide a smoothing of the poles,
it has to create excitations which then can actually lead
to transport.
The models considered in this work are the interacting
resonant level model (IRLM) and the natural extension of
this model to linear chains, defined by the Hamiltonians
HRS =
∑
j∈S
µg cˆ
†
j cˆj −
∑
j,j−1∈SE
(
tj cˆ
†
j cˆj−1 + h.c.
)
+
∑
j,j−1∈SE
Vj
(
nˆj −
1
2
)(
nˆj−1 −
1
2
)
, (3)
HMS =
∑
k∈L,R
ǫk cˆ
†
k cˆk, (4)
HT = −tk
(∑
k∈L
cˆ†k cˆ1 +
∑
k∈R
cˆ†k cˆME
)
+ h.c., (5)
where cˆ†ℓ and cˆℓ (cˆ
†
k and cˆk) are the spinless fermionic cre-
ation and annihilation operators at site ℓ (momentum k),
nˆℓ = cˆ
†
ℓ cˆℓ. HRS , HMS , and HT denote real space, mo-
mentum space, and tunneling between real- and momen-
tum space Hamiltonians respectively. The symbols S and
SE denote the nanostructure and the extended nanos-
tructure (the full real space chain) respectively. The in-
dices 1 and ME denote the first and last site in SE . The
general setup and the specific values of the hopping ma-
trix elements tj and the interactions Vj are indicated in
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FIG. 6: Linear conductance versus gate potential for the in-
teracting resonant level model for t′ = 0.01 and a interac-
tion on the contacts ranging from zero to 25. To each set of
DMRG data a Lorentzian of half width 2w has been added
as a guide to the eye. The leads are described with a cosine
band between ±2 such that the Fermi velocity is vF = 2. In
contrast to intradot interaction the interaction on the con-
tacts enhances the conductance and shows a non monotonic
behavior versus contact interaction.
Fig. 5, and note specifically the interactions on the con-
tact links, γV . The momentum dependent coupling tk
is chosen to represent an infinite onedimensional tight-
binding chain if a cosine band ǫk = −2t cos(k) is chosen.
All energies are measured in units of t = 1.
In fig. 6 we show the linear conductance versus gate
potential for a contact hopping of t′ = 0.01 and inter-
action on the contacts ranging from zero to 25. The
calculations have been performed with 130 sites in to-
tal, ME = 10 real space sites, and 120 momentum space
sites. Due to the symmetry of the band we used a dis-
cretization that is symmetric around ǫF = 0, and applied
an identical discretization scheme to both leads. To rep-
resent the ‘large’ energy span in the band we used 20
logarithmically scaled sites, and thereafter used 10 lin-
early spaced sites to represent the low energy scale cor-
rectly. In the DMRG calculations presented we used at
least 1300 states per block and 10 finite lattice sweeps.
The data demonstrates a strong increase of the reso-
nance width due to interaction up to a factor of ten. The
increase of the resonance width due to interaction on the
contact is in contrast to the reduction of conductance
due to interaction on nanostructures, see6. Once inter-
action is larger than the Fermi velocity the resonance
width gets strongly reduced. The results also shows that
we can now resolve resonance width of the order 10−5.
We would like to note that this scheme is not restricted
to single impurity models and that it also works for ex-
tended nanostructures.
The implementation of this new scheme was only fin-
ished recently and we are currently extending it to in-
clude the spin degree of freedom. In detail we study the
4single impurity Anderson model attached to polarized,
ferromagnetic leads.
III. FURTHER PROJECTS
The code developed within this project has also been
used in14 to study quantum phase transition with en-
tanglement entropy and in15 to study onedimensional
fermions in a harmonic trap with an attractive on site
interaction. In16 we used the DMRG to extract the ex-
act corresponding functionals of a lattice Density Func-
tional Theory and compared the conductance calcula-
tions within DMRG and DFT.
IV. POST-PUBLICATION NOTE
In the code applied within this report, some off-
diagonal blocks where missing in the construction of the
reduced density matrix for the time-dependent simula-
tion. In return the selected basis is sub-optimal. We
checked with a corrected code version, that the induced
error is indeed small, especially for the 5000 states. The
content of the report is not affected. The results of our
td-DMRG variant could just have been a little bit better.
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